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Zillions of Games 2
Version 2.0 --> 2.0.1 patch
Zilions of Games -- an exciting game package for Windows that uses
an absolutely unique "universal gaming engine" technology, allowing
you to play nearly any abstract board game or puzzle in the world. e
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Overview of this talk

It is PSPACE-complete to find any equilibria of a game, that are
computed by the Lemke-Howson algorithm (and related homotopy
methods)!

!Papadimitriou, G, and Savani, The Complexity of the Homotopy Method,
Equilibrium Selection, and Lemke-Howson Solutions 52nd FOCS (Oct 2011)
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Overview of this talk

It is PSPACE-complete to find any equilibria of a game, that are
computed by the Lemke-Howson algorithm (and related homotopy
methods)!

Conjecture

It is PSPACE-complete to compute the solution returned by any
“path-following” algorithm for any PPAD-complete problem

| need to explain:
@ homotopy methods
@ "PPAD-complete”; “path-following algorithm”

@ try to justify belief in the above conjecture

!Papadimitriou, G, and Savani, The Complexity of the Homotopy Method,
Equilibrium Selection, and Lemke-Howson Solutions 52nd FOCS (Oct 2011)
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The homotopy method

Suppose you want to solve the above game G
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The homotopy method
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=0 .. =05 .. t=1
easy game game of interest

Follow path of Nash equilibria along continuum of games:

{G: : te€][0,1]}.

G1 = G; Go has “obvious” solution; G; = (1 — t)Go + tG.
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The homotopy method

@ Many alternative homotopies; a suitable path of Nash
equilibria in the continuum of games always exists.

@ Harsanyi: it's a criterion for equilibrium selection.

e “path-following” approach (but | need to make precise what is
meant by that)
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Lemke-Howson algorithm (1964)

@ (o is derived from G by awarding large bonus B to one of the
players (say, the row player) for choosing some specific pure
strategy.

e For sufficiently large B, Gp has an obvious solution.

@ G, is similar, using a bonus of (1 — t)B, so G; interpolates
continuously between Gy and G = G;.

The path in {G; : t €[0,1]} is piecewise linear; linear pieces
connected by the pivot operations of the algorithm. Strategy that
gets bonus corresponds to initially-dropped label.
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2 total search problems (Papadimitriou 1991)

Given directed graph G of indegree/outdegree at most 1, and a
“source” vertex of indegree 0, find another vertex of degree 1. G
has vertices {0,1}" and edges represented by boolean circuits S, P.

END OF LINE characterizes PPAD; poly-time reductions between
NASH and END OF LINE establish PPAD-completeness of
NASH?.

?Daskalakis, G, and Papadimitriou (STOC'06); Chen, Deng, and Teng
(FOCS'06)
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2 total search problems (Papadimitriou 1991)

Given directed graph G of indegree/outdegree at most 1, and a
“source” vertex of indegree 0, find another vertex of degree 1. G
has vertices {0,1}" and edges represented by boolean circuits S, P.

END OF LINE characterizes PPAD; poly-time reductions between
NASH and END OF LINE establish PPAD-completeness of
NASH?.

where the output is the unique vertex you get by “following the
line" from the given source.

OEOTL is PSPACE-complete!

?Daskalakis, G, and Papadimitriou (STOC'06); Chen, Deng, and Teng
(FOCS'06)
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END OF LINE graph
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You are given a node with degree 1 (colored red here)
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END OF LINE graph
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The highlighted nodes are PPAD-complete to find...
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END OF LINE graph
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The one attached to the red node is PSPACE-complete to find!
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Definition, conjecture

definition
A path-following algorithm for a PPAD-complete problem X uses a

reduction to convert X to END OF LINE, follows the line, and uses
the same reduction to convert that end-of-line to a solution of X.

L-H is path-following.
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Definition, conjecture

definition

A path-following algorithm for a PPAD-complete problem X uses a
reduction to convert X to END OF LINE, follows the line, and uses
the same reduction to convert that end-of-line to a solution of X.

L-H is path-following.

Conjecture

Let X be any PPAD-complete problem. Let A be any
path-following algorithm. It is PSPACE-complete to compute the
output of A.

Challenge instance: X =NASH, A =Scarf’s algorithm
Challenge instance 2: X =2D-DISCRETE BROUWER,
A ="the natural algorithm”
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2D-DISCRETE BROUWER

Search for a panchromatic point of a discrete Brouwer function —
in 2D, a function f : N x N' — {0,1,2} where

@ the bottom row has color 1 (e.g. red)
@ the left-hard side has color 2 ( )
@ the top and RHS have color 0 (e.g. blue)

@ internal points colored by a poly-size boolean circuit C

Assume N and N’ are
exponentially large
C maps coordinates to colors
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2D-DISCRETE BROUWER example

Search for trichromatic point
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2D-DISCRETE BROUWER example

Search for trichromatic point... they are PPAD-complete to find
(Chen and Deng ('06, '09))
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The “natural” path-following algorithm

W N

mER - N

"the line"

Follow the line! How hard is it to find this solution?
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END OF LINE <, 3D DISCRETE BROUWER (Pap'91)

In 3D, boundary conditions map sides of cube adjacent to origin to

each of 3 colors; other sides to 4th color.
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END OF LINE <, 3D DISCRETE BROUWER (Pap'91)

IR

Vertices correspond to short line segments. Source at origin.

Goldberg Towards Zillions of PSPACE-completeness Results



END OF LINE <, 3D DISCRETE BROUWER (Pap'91)

IR

Edges can be built as longer line segments.
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END OF LINE <, 3D DISCRETE BROUWER (Pap'91)
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Edges can be built as longer line segments.
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END OF LINE <, 2D-BROUWER (Chen & Deng '06)

4

N2 ygv)  Chen and Deng
('06, '09):
2D-Brouwer

R
search for
Y0pV) trichromatic
point

V :: '._‘ vy :: '._‘ Vy, :: '_“ Vs
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The crossover gadget
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2D DISCRETE BROUWER

That cross-over gadget breaks up the topological structure. The
“natural algorithm” does not find solution corresponding to
OEOTL. However
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2D DISCRETE BROUWER

That cross-over gadget breaks up the topological structure. The

“natural algorithm” does not find solution corresponding to
OEOTL. However

new theorem

2D-DISCRETE BROUWER is PSPACE-complete (if you want the
“natural line-following” solution)
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challenge instance (refined)

NZ
instances of 2D-DISCRETE BROUWER

generated by specific reductions from END
OF LINE
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challenge instance (refined)

NZ
instances of 2D-DISCRETE BROUWER

generated by specific reductions from END
OF LINE

“theorem”

For 2D-DISCRETE BROUWER instances generated by Chen-Deng
reduction, it is #P hard to compute the “natural line-following
algorithm™ solution.

but the above is just for one specific PPAD-complete class of
instances — we have a long way to go...
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